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Abstract 

Given a set of transmission eigenvalues, its density function inversely determines the form of the 
indicator function. This is one application of the Cartwright's theory in inverse problems. We use 
r\| the indicator function inversely to determine the functional determinant d(z). Uniqueness on the 

. ■ refraction index is equivalent to the uniqueness of the entire function. 

qj ; MSC:35P25/35R30/34B24/. 
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1 Preliminaries and the Main Result 



Ph ■ In this paper, we consider the following interior transmission problem. 

■i— > 



Aw + k 2 n{x)w 


= o, 


in B; 


Av + k 2 v = 0, 




in B; 


W = V, 




on dB; 


dw dv 

dv du ' 




on dB, 



(1.1) 



where B := {|x| < 1, x £ R 3 }, w, v 6 L 2 (B), w - v e H 2 (B), k e C. We consider the spherical 
perturbation for (jl.ll) by setting n(x) — n(r) > 0, W G [0,1], and n{r) £ C 2 (0,1). The interior 
transmission eigenvalues play a role in the inverse scattering theory both in numerical computation 
and in theoretical purpose. See Colton and Kress [S] and Colton, Paivarinta and Sylvester [1] for the 
historic and theoretical context. In this note, we propose to answer certain kind of uniqueness problem 
with interior transmission eigenvalues following the work of Aktosun, Gintides and Papanicolaou fjQ and 
£C) I McLaughlin and Polyakov 0. A global uniqueness on n(r) assuming L ^Jn(p)dp < 1 is established 

in Aktosun, Gintides and Papanicolaou \1\. In |5], some uniqueness result on the refraction index is 
established when assuming some a priori knowledge on the index. 
Let us consider the solutions of (|1.1[) of the following form: 



v(r) = cijo(fcr); (1.2) 

w(r)=c 2 ^, (1.3) 

C3 ■ r 

where jo is a spherical Bessel function of order zero and y(r) is a solution of 

y" + k 2 n(r)y = 0, < r < 1; (1.4) 

y(0) = 0; y'(0) = 1. (1.5) 

(f(r), w(r)) is a pair of nontrivial solution of (|1.2p provided there is a set of nontrivial solution (ci, c<i) 
such that 

c*tf(l)-cu'o(*) = 0; (1.6) 

c 2 {^}'| r= i - Cl kf Q (k) = 0. (1.7) 

r 
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Therefore, the existence of the constants ci, C2, not both zero, such that (|1.2p and (|1.3[) is a set of 
nontrivial solution of (jl.ip is provided by 



y(i) -io(fc) 

{^}'|r=l -kj' (k) 



d(fc):=det( r J^ ^ )=0. (1.8) 



Hence, 

d(fc) = ^y'(l;*)-(co8fc)y(l;fc). (1.9) 

It is well-known that, d(k) is bounded on the real line. Hence, Cartwright's theory in complex analysis 
suggests that it is an entire function of completely regular growth. We will discuss this respect in the 
next section. 

Referring to [T] , there are the other two equivalent systems related to (jl.ll) . The interior transmission 
eigenvalues of (|1.1[) coincide with the eigenvalues of the nonstandard boundary value problem: 

$" + fc 2 n(r)$ = 0, 0<r<l; , . 

$(0) = 0, 2i|fe$'(l)-cosfc$(l) = 0. ( } 

Moreover, (j!.10|) is equivalent to the following system. 

$" + k 2 n(r)$ = 0, 0<r<l; 

$^ + fe 2 $ = 0, 0<r<l; (1.11) 

$(0) = $ (0), $(1) = * (1), *'(!) = *o(l). 

The zeros of the functional determinant d{k) are then the eigenvalues of (jl.lOp . In particular, if kj is 
an eigenvalue of (I1.10[) . then d(kj) — 0; if d(kj) — 0, then y(r;kj) is an eigenfunction of (I1.10[) with 
eigenvalue kj. In that case, j/(l; kj) meets with $o(l) by the third line of (jl.lll) . Let us collect the zeros 
of d(k) to be kj . 

K ■- {kj} j£N . (1.12) 

On the other hand, we consider the Liouville transformation of y(r) = y(r; k): 

z(£) := [n(r)]iy(r), where £ := J^[n{p)]^dp. (1.13) 

In particular, we define 

5:= f [n(p)]^dp (1.14) 

Jo 



In this case, f|1.13[) becomes 



where 



z" + [k 2 -p(O]z = 0, 0<£<6; 
z(0) = 0; z'(0) = [n(0)]-i. 



(1.15) 



rc"(r) 5 [n'{r)Y 

m> ' 4[n(r)] 2 16 [n(r)] 3 ' l J 

From Poschel and Trubowitz [111 p. 16], we have the following asymptotics. 

*(* *) = ^ - ^Q(o + 8 ^\p(o +m - \q\o\ + o(^f% (i.i7) 

where Q(£) = / p(£)d£. Similarly, 

z>& k) = cos fc£ + ^Q«) + ^b(0 - K0) - f Q 2 (fl] + 0(55» ). (1.18) 

Before applying such asymptotics, we add a multiple [n(0)]z to the solutions. We have to normalize the 
solution according to the boundary condition in (jl.151) . 
The following is the main theorem in this paper. 



Theorem 1.1 Let the functional determinant d l (k) be defined as in \1.8)) with respect to refraction index 
n l (r), i = 1,2. We define 

S e := {k e C| - e < argA: < e, n - e < argfc < tt + e}, Ve > 0. (1.19) 

If the zeros of d l (k) and d 2 (k) coincide in T, e and 

n^O) = n 2 (0); (1.20) 

n^l) = n 2 (l); (1.21) 

(n 1 )'^ = (n 2 )'(l), (1.22) 

then d 1 (k) = d 2 (k) and n x (r) = n 2 {r). 

There are only three ingredients in this paper. Firstly, we derive from Q1.9p that type of d{k) is 1 + 5 
under order 1. The zeros of the d(k) is mainly described by this term. Then, Cartwright's theory tells one 
how its zeros are distributed by its order, type and indicator function. Secondly, Carlson's theorem says 
one nontrivial entire function can not have more zeros than its type. Hence, we prove the uniqueness for 
our functional determinant and the solutions. Thirdly, we apply the results from inverse Sturm-Liouville 
theorem to show the uniqueness on the scatterer. 

2 Some Entire Function Theory and Basic Estimates 

We review some complex analysis from the Levin's book |7j[8] and Cartwright's theory [2[3]. 
Definition 2.1 Let f(z) be an entire function. Let 

Mf(r) := max |/(z)|. 

\z\=r 

An entire function of f(z) is said to be a function of finite order if there exists a positive constant k such 
that the inequality 

M f (r) < e rk (2.1) 

is valid for all sufficiently large values of r. The greatest lower bound of such numbers k is called the 
order of the entire function f(z). By the type a of an entire function f(z) of order p, we mean the 
greatest lower bound of positive number A for which asymptotically we have 

M f (r)<e Ar \ (2.2) 

That is 

In Mt(r) , s 

a := lim sup ^ . (2.3) 

i — >oo r 1 

If < a < oo, then we say f{z) is of normal type or mean type. 
We also see that 

n as 

where the first inequality holds for some sequence going to infinity and the second one holds asymptoti- 
cally. 

Definition 2.2 // an entire function f(z) is of order one and of normal type, then we say it is an entire 
function of exponential type a. 

Definition 2.3 Let p£R and p(r) : R + — > M + . We say p(r) is a proximate order to p if 

lim p(r) = p > 0; lim rp'(r)hir = 0. (2-5) 



Definition 2.4 Let f(z) be an integral function of finite order in the angle [9\, 9-f\. We call the following 
guantity as the generalized indicator of the function f{z). 

In I f(re w )\ 
hf(6):=1imsuv U , . ;| , 9, < 9 < 9 2 , (2.6) 



r 



p(r) 



where p(r) is some proximate order. 

The order and the type of an integral function in an angle can be defined similarly. The connection 
between the indicator hf(9) and its type a is specified by the following theorem. 

Lemma 2.5 (Levin |7j,p.72) The maximum value of the indicator hf(6) of the function f(z) on the 
interval a < 9 < (3 is equal to the type aj of this function inside the angle a < arg z < (3. 

Lemma 2.6 Let a and {3 be real constants. 

h s in{az+0}(0) = |asin0|. (2.7) 

Proof We observe that 

sin az + (3\ 2 = sinh 2 {ay} + sin 2 {ax + (3}. (2.8) 

Applying (|2.6[) . we prove the lemma. □ 



Definition 2.7 Let f(z) be an entire function of order p(r). We use n(/, a, /3, r) to denote the number 
of the zeros of f(x) inside angle [a,/3] and \z\ < r; we define the density function 

A f (a,(3) :=hmsup -r- , (2.9) 

r—too ^ HK ' 

and 

A(/3):=A(a ,/3), (2.10) 

with fixed c*q <£ E with E as an at most countable set. 

For the entire function of completely regular growth, we need not worry too much. Now two more 
inequalities for indicator functions: 

Lemma 2.8 Let f , g be two entire functions. Then, the following two inequalities hold. 

hfg{@) — hf{ff) + h g {6), if one limit exists; (2-11) 

h f+g (6)<max{hf(9),h g (d)}, (2.12) 

where if the indicator of the two summands are not equal at some 9q, then the equality holds in i2.12\) . 

Proof We can find these in [7J p. 51]. □ 

Definition 2.9 The following quantity is called the width of the indicator diagram of entire function f: 

^:=Mf) + M-f)- (2-13) 

The distribution on the zeros of an entire function is described by the following Cartwright's theorem 
[1[3J[7J H]. The following statement is from Levin [7, Ch.5]. 

Theorem 2.10 (Cartwright) // an entire function of exponential type satisfies one of the following 

conditions: 

f°° In I f(x)f(-x)\ 
the integral / — - v ' \ — -dx exists, and h f (0) = hf(ir) = 0, (2.14) 

Jo 1 + x 

m 1/0*0 1 
1 + x 2 



the integral / — ■ — ^~dx < oo. (2-15) 



f°° ln + \f(x)\ 

the inteqral \ — dx exists. (2.16) 

i- m 1 + z 2 

| f(x) I is bounded on the real axis. (2-17) 

1/(2016/7(^00,00), (2.18) 



then 



1. f(z) is of class A and is of completely regular growth and its indicator diagram is an interval on 
the imaginary axis; 

2. all of the zeros of the function f(z), except possibly those of a set of zero density, lie inside arbitrarily 
small angles | argz| < e and | argz — n\ < e, where the density 

A, = lim ?&-, j = l,2, (2.19) 

r— >oo r 

of the set of zeros within each of these angles is equal to £-, where d is the width of the indicator 
diagram. n,j{r), j — 1,2 7 here is understood as the number of the zeros that fall in the wedge 
| argz| < e and | argz — vr| < e respectively. Outside these two wedges, the density function is zero. 

Furthermore, the limit 5 = linv^oo S(r) exists, where 



5(r):= J2 -5 ( 2 - 20 ) 



ai. 

{|«fc|<r} 

3. the function f{z) can be represented in the form 

f(z) = cz m e* Cz lim TT (1 - -), (2.21) 

{\a k \<r} 

where c, m, B are constants and C is real; 

4- the indicator function of f hf{0) can be written as c\ sin (9 for some constant c. 

Corollary 2.11 The functional determinant d{k) is of completely regular growth and satisfies all the 
estimates in l2~W\) . ntw\) and (MI]) . 

Proof Firstly, y(r;k) is bounded over the real line by transformation (|1.13[) . Moreover, 

1 _3 1 

zd& k ) = -^{ n ( r )} i r^y(r;k) + [n(r)]*y r (r;fe)r^. 

z^(£,; k) and y(r; k) are bounded over real axis, so is the y r (r; k). By the definition (|1.9|) . we see d(k) is 
bounded over the real axis. Hence, the Cartwright's theory applies. □ 

Proposition 2.12 Let k = \k\e l6 . The following identity holds. 

h d{k) (0) = (l + 6)\smd\. (2.22) 

Proof We derive from (|1.9p that 

d(fc) = (oos%(l;fc)[i(tanfc)^^-l]. (2.23) 

K y(L,K) 

We see tanfc is bounded outside the real axis. Moreover, outside S £ , we have 

V(r;k) = ] [sm(kar))][l + 0(l)]; (2.24) 

y r (r;k) = [n(r)/n(0)]*[cos(fc£(r))][l + 0{h] (2.25) 

k 

We refer this to [T. 

Now we use (|2.1ip , we have 

h d (±^) = /w(±|) + h y{1 . k) (±^) = 1 + 5. (2.26) 

Using the fourth statement in Theorem 12. 101 We obtain 

h d {6) = (I + S)\ sin 0\. (2.27) 

□ 
Most of zeros of an entire function bounded in Oi + M. are inside A f . 



3 A Proof 

Now we apply the Cartwright's theory to d(k) as described by Theorem l2.10l Let d l (k) be the functional 
determinant corresponding to refraction index n l {r), i — 1,2. We define 6 l = L n l {p)dp. The theorem 
assumption says the zeros of d 1 (k) and d 2 {k) coincides in a small wedge along real axis E e . Let A^ be the 
density of cf(fc) in the small wedge along positive real axis; A l 2 along the negative real axis. Therefore, 
Theorem 12.101 and Corollary 12.111 combine to give 

A|=A?;Ai=A2. (3.1) 

In particular, 

d 1 d 2 

5 = 5? (3 - 2) 

where d l , the width of the indicator diagram of d l (k), equals to 

h d i{k){\) + h d i {k) {-^) = 2{l + 5), (3.3) 

where the quantity is specified by (J2.22D . 

As a by-product, we have proved the following proposition. 

Proposition 3.1 Let d(k) be the functional defined in hi. 9(1 with n{\) ^ 1. Then the zeros of d(k) 
satisfy the following qualitative asymptotics. 

lim ^1 = l±l, (3.4) 

r— ►oo T 7T 

where j — 1,2 represents the two small wedges along Oi + M. 

Most importantly, now we have 

S 1 = S 2 . (3.5) 

Let us use a generalized Carlson's theorem from Levin [7] p. 190]. 

Theorem 3.2 Let F{z) be holomorphic and at most of normal type with respect to the proximate order 
p(r) in the angle a < argz < a + ir/p and vanish on a set N :— {a^} in this angle, with angular density 
A N (ip). Let 

H N (6):=n[ sin k/> - e\dA N (tp), 



when p is integral. Then, if F(z) is not identically zero, 

hF^a.) + hp{a + tt/p) > Hn(o) + H^{a + tt/p). (3-6) 

As inspired by Aktosun, Gintides and Papanicolaou [I] , McLaughlin and Polyakov [9 j , we seek to identify 
n(r) by inverse Sturm-Liouville theorem. Now we are tying to show z (1; k) = z (1; k) and (z )'(1; k) = 
(z 2 )'(l; k). First of all, we consider 

G(k) := [n^O)]^^ 1 ^ 1 ^)-^ 2 ^ 1 ;^] (3.7) 

= (^(expl^H 1 !), fceC, (3.8) 

where the last asymptotics is from (|1.17[) . We want to apply Carlson's theorem to function G(z) with 
p = 1, a = — ^. Looking at G(z) firstly, it has a set of zeros of density Ai = A2 = ^-^- which is supported 
only at ip = 0, it. In our case, A(^) = i±^, when i/j = 0, 7r; zero otherwise by Cartwright's theorem. We 
also consider N = K, the set of common zeros of d 1 (z),d 2 (z). 

Moreover, the indicator function of G(k) is obtained by (|3.7[) . We see 

h G {6)<S 1 \sm9\. (3.9) 



On the other hand, 

G(ki) 

= KfojnHillVti; *,•) - [nWW] V(i; %) 

= [^(O^flJl^otl; %) - [n 1 (0)n 1 (l)]3$ (l; fcj .) 

= 0, % e K (3.10) 

When fej is a common zero of d l (k), y l (l; fcj) is an eigenfunction with eigenvalue fcj of (ll.lOj) . Hence, p. lip 
is satisfied equivalently. In particular, y (1; fej), y 2 (l; fcj) must meet at boundary which is r — 1. We see 
the density function for K is i±^- by (|3.4p . Hence, 

tf K (_|) +J ff K (ZL) = 2(l + £ 1 ). (3.11) 

Therefore, Theorem El (J32J and (j3~TTj) imply 

G(fc)=0. (3.12) 

Hence, we have 

z 1 {S\k) = z 2 (S 2 ,k), VfceC. (3.13) 

In particular, y 1 (l; fe) = J/ 2 (1; fc) and <i 1 (fc) = d 2 (k). 
Repeating the same argument to 

J(*0:=(*W;*)-(*W;fc)> (3-i4) 

we have from (|1.18p that 

J(fe) = 0(exp|3?iW 1 |). (3.15) 

Therefore, 

fcj(0) <<5 X | sin 1 . (3.16) 

In addition, given (TE2T1) and flL2"2"]) . 

J(fcj) = 0, % € X. (3.17) 

Hence, 

H j(-^) + Hj(^)= 2(1 + 5 1 ). (3.18) 

Then, Theorem 13.21 implies that J(k) = 0. Hence, we have 

(sWjAOsCaWjfc). (3.19) 

They have the same zero set. Moreover, the zeros of z{8; k) corresponds to the eigenvalues of the following 
problem, 

z" + [k 2 -p(0]z = 0, 0<£<8; . 

z(0) = 0; z{5) = 0; [6 V) 

the zeros of z'(8;k) corresponds to the eigenvalues of the following problem, 

z" + [k 2 - p(0]z = 0,0 <£<8; 



z{0) = 0;z'(S) = 0. (3 - 21) 

Now we use (|3.20p and (|3.2ip to prove the uniqueness by the following inverse Sturm-Liouville theorem. 

Theorem 3.3 (McLaughlin [10] ) We consider the following Sturm-Liouville problem 

z" + {k 2 - q)z = 0, 0<£< 1; (3.22) 

z(0) = z{l)=0, (3.23) 

where q £ L 2 (0,1). For another boundary condition, 

z(0) = z'{\) = 0. (3.24) 

Suppose qi, (72 € L 2 (0,1) and, X n (qi) — Kifa), the eigenvalues to A3. 22)) and A3.23]) , /J, n (Qi) — Unfa), 
the eigenvalues to A3.22\) and {3.21$ , Vn G N. Then, q\ = q%, a.e. 



Therefore, in our case, p 1 ^) =p 2 (£). 

Finally, we apply the argument in [5]. Both function [n?] 3 , i = 1,2, when regarding as function of £ l 
satisfies the following equations: 



{[n i }i}"-p\O[n i ] i =0,0<^<S 1 ; 
[n i (S 1 )]i = [n 1 (5 1 )}K 



(3.25) 
(3.26) 

(3.27) 



where (|3.26[) and (|3.27p are assumptions. By the uniqueness of ODE, this implies that n 1 = n 2 . D 
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